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SINGLE PARTICLE

SYSTEM OF PARTICLES

CONSTRAINTS

Linear mechanics

v:E p=mv a:d—zr
dt dt
dp d
:a—a(mv)—ma
dp :
ZFZO:E:O:plsconserved

Newtons 2" law

dzR
@ = pe
F, F
dtZ z

R is the center of mass, and M the total mass:
)N m;r; _ ) m;r;

M Zmi
F(© is the external force acting on the system.

Holonomic
If the constraints can be expressed as

f(r,ry,r3, .., t) =0

Example (rigid body): (x; — l‘j)2 —cf=0

Angular mechanics

N = ><F—dL
=T Cdt

L=rXxp

dL
SJN=0> I = 0 = L is conserved

Linear momentum
- Z drl
i g
! dt

dP _
FO =0= == 0 = P is conserved

Non-holonomic
Particle on sphere for example:
r2—a?>0

An inequality, not equality.

Work Work for const. mass
From point 1 to point 2 Wi,=T,—-T;
2
Wi, = f F-ds where T is Kinetic Energy:
1 T =1/2mv?

Conservative force
If the path from 1 to 2 does not matter, then the force is
conservative.

fﬁF-ds=0

Angular momentum

L=ZriXpi=RXP+Zri'><pi'
i i

Where r’ and p’ are relative to the center of mass.

The external torque is equal to
dL

dt

dL _
N©® =0 = —= 0 = L is conserved

N =

Generalized coordinates

System of N particles have 3N degrees of
freedom. There exists k amount of holonomic

constraint equations for the system. The
system thus has 3N — k degrees of freedom.

The generalized coordinates q; represents
these degrees of freedom, and every r; can be

expressed by them

r1 = r1(q1, 92 -, 43n—k> £)

ry = ry(q1, 92, - Q3n—ks )

Potential energy
If force is conservative, then F can be expressed as
F=-VV(r)
Differential work can further be expressed as

F-ds=dV

Which implies

Wi, =V =1,

where V is called the potential energy.

Kinetic Energy

1 1
T = EMUZ +§Zmivi’2
i

where v is the velocity of center of mass, and v; is
velocity of particle i relative to the center of mass.

Virtual displacement
Also called infinitesimal variation, noted as
dr, shows how a system can hypothetically
deviate very slightly form the actual path r
without violating the constraints at a given
time instant.

If forces acting on a particle are conservative, then total
energy of the particle, T + V, is conserved.

Potential Energy
1
i 139}
i#j

where V;; = V;;(|r; — 1j|) is a potential between
two internal particles, where VV;; = (r; — 1y)f,
where f is some scalar function,

D'Alembert’s principle

d
Z(Fi—ap>'6ri=0
i

where F; is force on particle (excl. forces of
constraints, and ér; the virtual displacement.




Variational calculus techniques by example
Problem: find shortest path between two points
in the plane.

LAGRANGIAN FORMULATION

The length of the curve is

f f f
sz dszf Vdx? + dy? :f V1+y2dx
i i i

where y' = dy/dx

Lagrangian and Lagrange’s equations
L=T-V

d 0L\ oL _

which is also the equations of motions.

Generalized velocity Generalized momentum
By the chain rule: oL
dri 6ri . al'i p] - a
NS a T Lag ™ T o ’
raal A.k.a canonical momentum

We want to find a function y = y(x) such that I
is minimized. Let ¢(y) be a functional of y.

f
) =1ty? = f $()dx

Note: £L'(q,q,t) = L(q,q,t) + %F(q, t)isalso a
Lagrangian that result in same equations of motion.

There are infinitely many ways to draw a line
between the points. All these paths can be
expressed by
Y(x,€) = y(x) + en(x)
where € very small, and n(i) = n(f) =0

Monogenic
All forces (except for constraint forces) are
derivable from the generalized scalar potential:

V(qlJ qz, -, qn; ql! qZJ '"C.In; t)

Generalized virtual displacement

s al'i 5
r,= ) —34q;
j
No time variation 6t is involved, since virtual displacement

only considers displacement of coordinates.

The length of any possible curve is expressed by

f
I(€) =[ ¢(x,Y, Y )dx

We want to determine y(x) such that I is
stationary (i.e, 81 = 0), which happens when

[dz] =0
de le—g

More general Lagrange’s equations
If not all the forces acting on the system are
derivable from a potential (such as with friction)
then Lagrange’s equation can be written on the
form

d(oL\ oL
dt\dgq; aqj_Qf

Virtual work

EFi 01 = Z Q;6q;
L J

Where Q; are components of the generalized force

Q —ZF ari_ ZVV ari_ av
J ? l aq] : ¢ aq] aq]

We thus solve
=0

d rf

— Yy

[defi B, ¥, Vx|
e=0

which yields the Euler-Lagrange equation
d (6(1)) 09 .
dx\ay') ay

Which has solution: y = mx + b

Lagrange equations with dissipation
d<6L> oL +63~"_0
Where F is the Rayleigh's dissipation function
1
F= EZ(kxvizx + kyvd, + kv,

Energy function
. . . oL
h(qlf qz, -, q9n; 491,92, ---qn; t) = 2 q]a_ — L
7%

If the transformation equations for generalized coordinates
do not explicitly depend on time, AND the potential V
does not depend on the generalized velocities, then, and
only then, is h =T + V = "total energy"

Hamilton’'s principle
The motion of the system from time t; to t, is
such that the line integral of the Lagrangian
(called the action):

tz
S=-[ Ldt
t

1
is stationary. Meaning: 6S = 0

Cyclic/ignorable coordinates
If a coordinate q; does not appear in the
Lagrangian, then it is called cyclic or ignorable,
and the Lagrange equation reduces to

d (9L _, d
ac\aq,) —~ ° @’ "

Conservation of h

We have
dh 0L
dt ~ at

Thus, if the Lagrangian does not explicitly dependent on
time t (Le. the variable t does not appear in £), then we
say that h is conserved.




Two-Body — Reduced One-Body
Given a system consisting of two mass-points
m,; and m,, where the only forces are due to an
interaction potential U(r), wherer = r, — r;, we
choose the six degrees of freedom to be the
components of R and r, where R is for the
center of mass.

CENTRAL FORCE

Central force
A central force on an object is a force that is directed
towards or away from a point called center of force.

Closed orbits
1 Orbits in which an
(1y=-5) (Fi-n) object eventually
i retraces its own steps

Virial Theorem

The Lagrangian becomes

1., 1 .
L=-MR*+-ur-—-U(r,7T,...)

2 2
Where M = m; + m, is the total mass, and
§= % is the reduced mass.
1 Z

Note that R is cyclic and will therefore not
appear in the equations of motions. Meaning
the center of mass is either still or moving
uniformly. We can, therefore, instead just write

1 . :
L= E,ur2 - U(r,1,...)

Equation of orbit
Using the four equations of motion of the reduced one-
body system, one can derive the integral

v du
ezy—f
uo |2HE _2pa. _,_q

Iz ]2
where u = 1/r, and V(r) = ar™*?

— u2

Reduced One-Body Equations of Motion
Assuming U = V(r), where r = |r|, we are
looking at a spherical symmetric problem

Rewriting £ with spherical coordinates, we have
o1 N2
o= Ey(rz +7126%)" -V (r)

This gives rise to these four equations
ur?6 =1
1, .
E= E,u(rz +726%)" +V(r)
dr

fr
o 2 2
[ole-r-25

H—If dt + 0
o i) P

If V(r) = —k/r (called the Kepler problem) then the
integral equates to the elliptical orbit equation:
1 pk 2E12

=21+ 1
r 12 + +,uk2

cos (6 — 8"

This is the equation of a conic with one focus at the origin

1
- = C[1+ ecos(8—0")]

2
Wheree = [1+ iEklz is the eccentricity, and where we can
see that 6’ represents as one of the turning angles of the
orbit.

Bertrand’s theorem
Among central-force potentials with bound
orbits, there are only two types of central-force
potentials with the property that all bound
orbits are also closed orbits:

V() = k th £ ) = av  k
r)=—— withforce fr) = = 72
V()—lk2 ith f (r) = W _ k

r—zr with force f(r) = i T

Orbit equation with time
If V(r) = —k/r, one can combine the elliptical
orbit equation with the equation for time in the
reduced one body set of equation to show that

o I3 fe do
- uk? g, [1+ e cos(6 — 6)]?

The angular momentum and energy are constants of
orbit (i.e, they decide the orbit)

If e =1, we get
. I3 (t 9+1t 39)
T o2mk2\ N2 T3,

Orbit properties

If e < 1, we get

7 =2na®/?/m/k
where 7 is the period of orbit. For the planets
around the Sun, this becomes Kepler’s 3™ law

3/2 3/2

2ma 2ma

£ \/G(mp + mg) - \/Gms

Eccentricity Energy Shape
e>1 E>0 Hyperbola
e=1 E=0 Parabola
e<1 E<O0 Ellipse
e=0 E = —uk?/(21?) Circle

Semi-major axis is given by
‘T2
and one can write the elliptical orbit equation as
a(l—e?)

T 1+ ecos(6—6"

Laplace-Runge-Lenz vector
For the Kepler problem, we have a conserved vector

r
A=pXL-/.lk;
A% = §?k? + 2uEI?




SCATTERING

Intensity
Number of particles crossing a unit area normal to the
particle beam in per unit time. Often denoted by I

Solid angle
dQ = 2w sin(0)dé
Where 6 is the angle between the scattered and
incident directions, known as the scattering angle.

Cross section

# particles scattered into dQ) per unit time
o(Q)dQ =

incident intensity
Where dQ is the solid angle in Q direction, and a(Q) is
the differential scattering cross section

r sin

afler
Thomion & Rex

Source: https://www.tcm.phy.cam.ac.uk/~bds10/agp/lec20-21.pdf

SUMMATION CONVENTION

Einstein summation convention
Whenever an index occurs two or more times in a term, it
is implied that the terms are to be summed over all
possible values of the index. Example

3
aijxj = Z aijXj = Aj1X1 + AjpX; + Aj3X3
J=1

THE EULER ANGLES ¢ v 0

Angular momentum
Amount of scattering of particle is determined by its
energy and angular momentum

l =mvb = bv2mE
where b is the impact parameter, where
b =b(6,E)

Total cross section

Differential cross section

@ - b ‘db
o) =Sine lde

or = f o(Q)dQ
4m

= 27Tf o(0)sin6db
4T

Cross section Coulomb field
Impact parameter function becomes
ZeZ'e )
b=—gcot (E)
Differential cross section becomes

6y = L(%ee ? 4<9)
() —4 °F CsC 2

Orbit equation Coulomb field
1 uZeZ'e
—=——F—>—(ecosf—-1)
r l
Which is a hyperbolic orbit representing the scattering
from a scatter scenter with potential
k ZeZ'e
V(ir)=—==—
r r
Where Ze is the fixed charged responsible for scattering
the incident particle with Z'e charge

Rotation matrices

Full
transformation
A = BCD

First rotation: D =

[ cos¢p sing O
—sin¢g cos¢ 0]
L 0 0 1

One coordinate system relative to another

- [1]
The body axes (x’,y’,z") can be described relative to the
space axes (x, y, z) by angles of rotation. Visualized here
by subsequent rotations of a white disc which in the end
represents the (x',y’,z") system. Note that they have the

same origin. N is the line of nodes which is perpendicular

to both the z-axis and the z'-axis

Second rotation: C =
[1 0 0
0 cosf sind A=

|0 —sinf cos6

cos 1 cos ¢ — cos O sin ¢ sin P

—siny cos¢ —cosOsingcosy —sinysing + cosbcos¢pcosyy cosysinb
sin @ sin ¢

Space to Body axes transformation

cosysing + cosfcosgsiny  sinysinb

—sin 6 cos ¢ cos 0

Third rotation: B =
cosyp siny O A-l— AT
[— siny cosy 0]

0 0 1

cosycos¢p —cosBsingsiny —sinycosgp — cos b sin ¢ cosy
= [coswsimi) +cosfOcos¢psiny —sinysing + cosf cos¢p cosyp —sinb cos
siny sin 0

Body to Space axes transformation

sin 8 sin ¢ ]

cos sin 6 cos 6



https://www.tcm.phy.cam.ac.uk/~bds10/aqp/lec20-21.pdf

ROTATIONS of RIGID BODIES

Eulers Theorem
The general displacement of a rigid body with one point
fixed, is a rotation @ about some axis R.

This axis has to be the same in the body and space axes:
R'=AR=R

Finding axis of rotation
Set A = 1 in the eigenvalue equation (A — 11)R = 0 and
solve for R

Finding angle of rotation

Solve the following for ®

® p+y 6
COSZ—COS 2 COS2

Infinitesimal transformation of vector

dr =r X dQ

A

r' =r+dr

nd® = dQ2

/

Where nd® is along the axis of rotation, and
|dr| = dr = r sin 0d®

Infinitesimal change in vector
Let G be a vector or pseud-vector in a
mechanical problem (e.g. position of point,
total ang. mom. etc,)

(dG)space = (dG)body +dQ X G

4
dG

(@) ™ (@ roxC
P = [ — w
dt space dt body

where wdt = dQ e instantaneous angular
velocity of the body

A very important operator is therefore

(@).= @) *

—| =(= ® X
de/, — \dt/,
Subscript s for “space”. Subscript r for “rotating” Le.,
the body

Coriolis Effect
Consider distant nearly static stars as defining the
spaces axes, and the rotating earth as the rotating
system. w is the angular velocity of the earth.

(dr)_(dr)+ 9
ac), ~\at), 77T

Can be written as
Vi =V, +wXr

dv, dv,
5= (E)S B (W)r TR
Which yields
a,=a,+2(wXv,)+wX (wXr)

Newton's 2" law states
F = ma;
Which leads to
F—-2m(w XVv,) —mmw X (0 Xr) =ma,

 in Euler angles
 can be represented as three successive
infinitesimal rotations with ang. velocities:
wg = ¢ along the z-axis.
wg = 6 along the line of nodes.
wy = P along the z'-axis.

Using the B, C, and D one can expressed
these along any of the 6 desired axes.

w with respect to the body axes are

W' = ¢ sin 6 siny + 6 cosy
NS ¢ sin B cosp — O siny
w, = ¢psin@ + 1

This means, that to an observer in the rotating system
(Le., earth), it appears as if the particle is moving under
the influence of an effective force equal to
Fetr = F — 2m(w X v,.) — mm X (@ X 1)

The last term —mw X (w X r) is the centrifugal force.
The middle term —2m(w X v,.) is the Coriolis effect.

This does not only apply to earth, this applies to all rigid
bodies rotating.

Chasles’ Theorem
Any general displacement of a rigid body can be
represented by a translation plus rotation.

The six degrees of freedom are often given as two sets:

1. Three Cartesian coordinates to describe
translational motion

2. Three Euler angles to describe rotation.

If one point of the body is fixed, then this reduces to
Eulers theorem.




Splitting of energies
By Chasles’ theorem, we can very often split the
energies into two sets
T = Tiran + Trot V = Viran + Vrot

1
where Tipan = EMUZ

with M being total mass, and v being velocity of
the center of mass.

RIGID BODY INERTIA

Moment of inertia about axis of rotation
I=n-T -n=mfr? - (r; - n)?

where n is the unit vector defined by ® = wn

Total angular momentum

L= m; [a)riz — l'i(l'i 0 (A))]

Can also be expressed as:
I =m;(r; Xxn) - (r; X n)
or

m;
Izm(mxri)-(wxri)

Principle moment of inertia tensor
One can construct a transform. matrix A such that

L 0 0
TDzATA=<0 7 o)
0 0 I
where A can be express in Eulers angles as shown

earlier. The direction of the axes x', y" and z’
defined by A are the principal axes.

Moment of inertia elements
The total angular momentum L can be expressed as
Ly = Lywy + Lywy, + L0,
L, =L w,+ 1,0, + 1w,
L, = Lywy + Iy, + 1,0,

The diagonal I elements are moment of inertia

coefficients, and the off-diagonal I elements are
products of inertia.

Rotational kinetic energy

More mathematically speaking
L, I,, and I; are the eigenvalues of T,, and the direction
vectors of the axes x', y" and z’ are the corresponding
elgenvectors.

1 1 2Teo
Tror = Emi(w x1;)? = E[wz = = wrzo
Letting @ and S represent components of w and r; we can
also write
Trot = Elaﬁwawﬁ

Letting @ and S represent components of w and r;, the I
elements are given by

Rigid body of discrete particles:

Iaﬁ = mi(gaﬁriz - Tiari/i)

Rigid continuous body:

lyp = Jp(r)(rzdaﬁ —rarﬁ)dV
v

0 .lf]. i is the Kronecker-Delta, and
1if j=k

p(r) is the density at r. If uniform density, then p = const

Where §;, = {

Parallel axis theorem
The moment of inertia about a given axis, depend
only on the moment of inertial about a parallel axis
through the center of mass.

Finding principal inertias and axes
They are the roots of the secular cubic equation
arising from

Ixx =1 Ixy Ixz
Lo ILy—1 1L, =0
sz Izy Izz =1

For each of the roots above, one can solve
T, = AIA
to obtain the direction of the principal axes.

Let I, be the moment of inertia about the axis
through the center of mass. Let I, be the moment of
inertia about a axis a parallel to the axis through the

center of mass. We then have

Iy = I + M(R X 0)? = I, + MR?sin? 6

Where R is the center of mass position, and M is the
total mass. The angle 6 is the angle between R and
n, or equvilently the angle between R and w.

Finding by inspection:

If the rigid body is a solid of revolution about some axis,
where the origin of the body system is on the axis of
symmetry, then the principal axes are the axis of
symmetry and the two perpendicular axes located in the
plane normal to the axis of symmetry.

The axis of symmetry is the axis you can rotate
about without the body changing appearance.

Moment of inertia tensor T

Ly Ly Ly Note that
T=(lLx Ly I, |whereL=Tw lap = Ipa
Ly Ly Iy when a # B

Principal inertias
There exists a set of coordinates in which T is
diagonal with the three principal inertias
=y My =iy
In these set of coordinates, the rot. kinetic energy is

I = Ly

2 2 1 2
Tl"Ot = 511(4)1 +512(A)2 +EI3(D3

Transforming inertial tensor
If the principal moment of inertia tensor T, is known,

one can find the inertia tensor T in any other set of axes
through the center of mass by transformation

T=SI,S'

Where S is the transformation matrix relating the
princible set of axes and the new set of axes.




RIGID BODY EQUATIONS OF MOTION

Splitting of Lagrangian
Given we can write T = Tyran + Trot
and V = Viran + Veor, We can also write the
Lagrangian as

L(q' CI) = Lc(qc' qc) + Lb (qb' qb)

Where L, involves the generalized coordinates of
the center of mass q., and £, involves the
generalized coordinates of the orientation of the
body about the center of mass g,

Heavy symmetrical top with one point fixed
Let (x,y,z) be the body axes, and (x',y’,z") the space axes.

The symmetry axis is designated as the z axis and is one of
the principal axes.

The generalized momentum to a rotation
angle is the component of the total angular
moment along the axis of rotation. Example, if
Y is about the z-axis in the body, then py, = L;

The top is fixed at one point; thus, its configuration is
completely specified by the Euler angles:

6 = The inclination of z axis relative to z'-axis
¢ = The azimuth of the top about the z'-axis
1 = The rotating angle of the top about the z-axis

where the z-axis is the same as the vertical.

Starting to solve the heavy symmetrical
top with one point fixed
The torque of gravity N = R x g is along the
line of nodes, since R is along z’ and g is along
z, and the line of nodes is perpendicular to
both z and z'. Thus, the torque along z and 2’
is zero, and the angular momentum along
these axes must be constant since dL/dt = N

Eulers equations
Working in terms of the system defined by the
principal axes. If given a rigid body with rotational
motion about the center of mass, or a fixed point,
one can use Newtons 2" law

(dL) _(dL)+ T
ac), \ac), T T

to derive the following equations of motion
Lo, — wyw3(l; —I3) = Ny
Lo, —wzwi (I3 — 1) = N,
Iz3003 — wyw,(I; — 1) = N3

The tops characteristic of motion is given by

6 = bobbing up and down of the z axis relative to the z’-axis.
¢ = precession/rotation of the z axis about the z’-axis.

Y = spinning/rotation of the top about the z-axis

For many cases, such as this, we have ¢ » 6 » ¢

Y is rotation around z, thus py, = L3 = l;ws.
L; must be constant, and we can therefore
write py, = I;a where a some constant.

¢ is rotating around z' axis, and we can do the
same for that one pg = I;b where b is const.

If there are no net forces or torques applied on the
rigid body, then N; = N, = N3 = 0, then the center
of mass is either still of moving at constant speed.

The top is symmetric, meaning I; = I, # I3, and kinetic energy
becomes

1 2 2 1 2
T = 511(0)1 ar (1)2) +EI3(I)3

Written in Euler angles is equal to

T .. T . .
T =1,(6% + ¢?sin? 6) + 5 15(¥ + ¢ cos )]

Using py = lzw; = l;a and pg = I;b we show:
é b—acos6 . La
~ sinfg I sin? 6
what remains is the function 8 = 6(t)

b —acosf

Figure axis
The principal axis with highest moment of inertia.

Symmetric top
Rotating rigid body with two equal principal
inertias.

Let R be the location of the center of mass, and M be the
total mass of the top, the potential energy becomes

V=—-MR-g=Mglcosf

Where [ is the distance from the x'y’-plane to the center of
mass

The above equations can be put into E, and we
can write
(b — acosB)?
sin? 6
where a = (2E — Lw?)/l, and B =2Mgl/I,

a=6%+ + B cos 6

Letting u = cos @ this can be further reduced to
u? = (1 —u?)(a — pu) — (b — au)?

Potential in gravitational field
In a uniform gravitational field, the potential of a
body is the same as if the body was concentrated
at the center of mass

The Lagrangian becomes

1 . . 1 . .
L= 511(92 + ¢?sin?0) +§I3(1/) + ¢c059)2 — Mgl cos @

And the system is conservative

E =T +V = const.

Finding a function 6 = 6(t) can then be done
by solving the following integral (by computer)

. J‘”(t) du
u(©) /(1 —u?)(a — pu) — (b — au)?

When B = 0 we are dealing with a gyroscope,
when B > 0 we are dealing with a spinning
top. A bit of information can be gathered by
analyzing the function under the root:

f@w) =u? = pud — (a + a®)u? + 2ab — Bu
+ (a — b?)




SPECIAL RELATIVITY|

All frames discussed here are assumed to be inertial
frames, L.e., Newtons 15t law holds.

Special theory of relativity postulates
1. The laws of physics are the same in all inertial frames.
2. The speed of light is the same in all inertial frames.

Event in spacetime
Something at a time t and at a location r = (x,y, 2)

Homogeneous Lorentz boost along one axis
Given two reference frames S and S’ with parallel
axes, and whose origin are the same att =t' = 0. If
S’ travels at a speed v relative to S along the
common x-axis, then we have

ct’ Yy —vB 0 O0]fct
xX|{_|-vB v 0 0|f«x
y' 0 0 1 0 [y
7z 0 0 o0 1llz

y =1/4/1 — B?%is the Lorentz factor and B =v/c

General homogeneous Lorentz
transformation
Given by a Lorentz boost L, followed by a
rotaton R: L =RL,

Pure Lorentz boost matrices are symmetric. If a
Lorentz transform. not symmetric, it has a rotation.

It can be represented by the vector (ct,r) = (ct, x,y,2) in
Minkowski spacetime

General homogeneous Lorentz boost
Requires the axes of S and S’ to be parallel.

Thomas precession rotation
Consider frames S;, S5, and S5. S, is moving with
velocity B relative to S;, and S; is moving with
velocity B" relative to S,. Additionally, S5 is moving
with velocity B" relative to S;

Spacetime interval
(As)? = (cAt)? — (Ax? + Ay? + Az?)
The deltas represent differences between two events A
and B. (At = tg — t,, Ax = x5 — x, etc.)

Four-vector form:

Infinitesimal spacetime interval
(ds)? = (cdt)? — (dx? + dy? + dz?)

(ds)? < 0 = Spacelike (ds)? = 0 = Lightlike
(ds)? > 0 = Timelike

ct' =y(ct—B-r)
r=r+ (el = 1) r)ggy =2 Byct
where 8 = = %(vx Vy, vz) = (,Bx' By, ﬁz)

c

Without loss of generality, we arrange the S; axes
such that B is along the x-axis of S;, and B’ is in the
x'y'-plane of S,.

Invariant spacetime interval
(ds)? is the same in all inertial reference system as it
describes a geometric quantity of Minkowski spacetime.

Matrix form:

(ct',x',y',z") =x" = Lx = L(ct, x,y,z) were

14 ~VBx ~vBy —VB:
L= ~vBx GPZ+1 GByBx  GBPx
- _Vﬁy G.Bx.gy G.BJZI +1 G.Bzﬁx
_yﬁz G:Bxﬁz Gﬁyﬁz G[))zz +1

with G =y?/(1 +7y)

Both L,_,, and L,_,; are symmetric, but the total
transformation L;_,; = L,_5L;_,, is not, and must
therefore correspond to a rotation R and a boost.

Notably, all off-diagonal values related to z in L;_,5
are zero, implying a rotation about z-axis.

Proper time and laboratory time
Proper time of a body is the time measured by a clock at
rest with respect to that body.

Laboratory time is the time measured by any other clock
not at rest with respect to that body.

To “flin” the boost, chanae the sian of the B values.

Time dilation
Consider a body at rest in frame S’ with proper time 7. If
the frame S’ is moving with speed v relative to another
frame S, the laboratory time t measured in S would be

t=t/\J1—(/c)> =21<t

Velocity addition via Lorentz boosts (one axis)
Given three frames S;, S, and S5 all with parallel x-
axis. Let S, move with speed v relative to S;, and let
S3 move with speed v’ relative to S,. The Lorentz
boost from S; to S; is given by
L;_3 = L,_3L;_,, which equal

yww'@+ppg) —-yy'@B+p) 0 0

L= |7 @B+8) yvw@+pp) 0 0
13 0 0 10
0 0 0 1

Assuming B’ is small compared to B, and small
compared to ¢, we can approximate

yll _yll ;’c, _y” J,/I 0
Ll—’3 ~ _ylr chr 72/ "o 0 0
y Y BxBy 1 0
0 0 0 1
And the rotation is
1 0 0 0
1o 1 (y=1DBy/B 0
0 —(y—1B,//B 1 0
0 0 0 1

Implying that S; is rotated with respect to S; around
the z-axis by an infinitesimal angle

[aa=@-18y/B ]|

Consider an accelerating particle in S;. We
imagine infinitely many inertial frames moving in S,
each representing the instantaneous velocity v of
the particle at a given time. Let S, and S; be two of
these, separated by At and Av = (0, 8;/c,0)

AQ = —(y — 1)(v x Av) /v? which leads to the
Thomas precession frequency
| @ = dQ/dt = —(y — 1)(v x a)/v?|




SPACETIME

Four-vector notation

A four vector A is a vector with one time like component

(index 0), and three spacelike components (index 1-3)
x* = (x% x1,x2,x3)

By convention, we choose Greek index letters (such as

a, B, 1) to represent indexes 0 — 3, and Latin index letters

(such as i) to represent indexes 1 — 3.

The components of a four-vector can be expressed in a

given coordinate basis {e(, e, e,, e;}, such that a point
in spacetime is given as x*e,

Scalar product and Metric Tensor

The metric tensor we use in spacetime is

1 0 0 0

0 -1

910 o —? 8

0 O 0 -1
The scalar product between two Four-vectors is
u-v=u"bPg,p = u'v® — ulv —u?v? —udv3

The four-vector is sometimes referred to as the
contravariant, and the 1-form referred to as the
covariant. Note that v,u® always Lorentz invariant.

1-Form
The 1-form of a four-vector u is

— — 0 1 2 3
Ug _gaﬁuﬁ = (u°,—u’,—u*,—-u>)

We can write the dot product now as
v-u = v,u”

Meaning no chanage in Lorentz transform.

Electromagnetism
Given the three-momentum p of a particle, with
charge q, velocity v, then
dp
— =q(E+vXxB)

dt
E and B are the electric and magnetic fields

Curves and the Tangent Vector
Given an arbitrary one-dimensional curve P in spacetime,
where the curve is described by the parameter A, such
that for a given 4, a point on the curve can be written as
x0(), xt (), x*(D),x*D)

At the start of the curve, we have event A, and at the
end of the curve we have event B. Since A represents
how far along the curve we are, the four-vector from A
to B can be given by the tangent vector:

_ (d?)
"= \an ) =

We assume A to be continuous, there is therefor set of

possible tangent vectors, and the set of those is called

the vector field. The set of possible magnitudes of the
tangent vector is called the scalar field.

RELATIVISTIC COLLISIONS #1

Center-of-Momentum (COM) frame
Frame where total momentum of all particles is zero.

Four-momentum (a conserved quantity)
p* = (p°,p% 2 p®) = (E/c.px. DyD,)

Time-Llike curves and Four-Velocity
The parameter for the curve is often chosen to be the
proper time 7, and the laboratory coordinates becomes:
x°(1) = ct(r), x'(x) =x(r), x*(1) =y(@), x*(x)=2z(r)

Since we now use the proper time as parameter, we
denote the tangent vector as the four-velocity u of the
particle traveling along P

o dx® . duxt

u’ =——=yc w = y— = yv!
ar 7 Var =Y

Two particles of mass m; and m, collide and
produces a set of particles with mass m,, r = 3,4,5, ...

The total four-momentum in the COM frame (primed)
PH' {s equal to

pi + pb’ = P* = (E'/c,0,0,0)

It is convenient to look at the COM system as a
system of a composite mass particle, and by the
energy-momentum relation

E =/ (pc)? + (mc?)?
we can write M = E'/c? since p’ = 0, which yields
PH' = (Mc,0,0,0)

Particle collisions | Part 1

Suppose particle 2 is initially stationary in the (ab.
frame, then p, = 0 and E, = m,c? and we have
E'* = M2¢c* = (m? + m2) ¢* + 2E;m,c?
Which can be simplified to
E'? = M?c* = (my + my)%c* + 2m,c?T;

where T; is particle 1 kinetic energy in lab frame.
Note that E' increases as the root of T;.

The quantity PM’P"' is Lorentz invariant, meaning
B,P* = p/'PH = M?c?
where unprimed is lab frame. It can also be given as
B,P* = (m? +mj)c? — 2p,,py
by the initial particles in the lab frame.

We can thus write
E? = M%c* = (my + my)?c* + 2(ELE, — c?p1p,)

Lowest energy threshold for a reaction (other then
elastic scattering) happens when all product particles
have zero momentum. Total four-momentum after
reaction is noted as P*". At threshold we have
B/P*" = (Z,m,)?c?
which by conservation must equal B, P¥, this gives us

a threshold energy of
T, Q%+2Q(my +my)c?
2mym,c*

myc?
where Q is the “Q value of the reaction”:

Q = [Zrmr - (ml + mz)]cz




RELATIVISTIC COLLISIONS #2

HAMILTONIAN FORMULATION

Particle collisions | Part 2
If we are dealing with an elastic scattering instead
142 - 3 + 4. Where 3 is the scattered incident
particle (1), and 4 is the recoiled target particle (2)
then we have the following:

Lagrangian —» Hamiltonian
Used to convert functions of one quantity, into
functions of the conjugate quantity.

We let particle 1 initially travel along the +z-axis. The
incident and scattered momentum vectors define a
plane that is invariant under Lorentz transformation.

We take it to be the xz-plane with no loss of generality

The Lorentz transform from COM to lab is defined by
T, + (my + my)c? pic

y = =
V2m,e?Ty + (my + my)2ct Ty + (my + my)c?

We get by Lorentz transformation that

pd = V(%—ﬂpl) ﬁEl)

c

From Lagrangian to Hamiltonian:
We have £ = L(q, ¢,t) and we want a function
H =H(q,pt).

The differential of L is
dL = aLd + aLd‘ +a£dt
B TR T

We can write this as

: ., 0L
dL = pidq; + pidq; + 5 dt

pi' =y <p1 ——
If 6 is the angle between p5 and p3, then in COM frame
pi =picos6 p§ =p{ =Ej/c
which in the lab frame is
pi=pi =pising

, , , BE;
p3 =vy(p5 —BpY) =V<P1C059 +—

pl' =p}sin6

pe =y +pp3) = V(fﬂfpl cos 9)
And
E; = E; —y?B(1 — cos 0)(pyc — BE;)

6 in the lab frame is noted as ¢, and we have
sin

y(cos 6 + Bc/v;)

or it can be written as

tan ¢ =

sin 6
cos 6 + pg(p, €1)]

tan ¢ = =

where p = m,/m, and €, = T, /(m,c?) and
1+e +p

9 = T o

We want a function that depends on p instead
of g, thus the Hamiltonian is generated by the
Legendre transformation

H(q,p, ) = qipi — £(q,4,t)
which has differential

) ) oL
dH = q;dp; — pidq; — - dt

Which can also be expresasted as
0H 0H oK
dH = a_pidpi +c')_qidqi + Edt
Implying the 2n + 1 relations
oH . O0H oL OH
“=5, “Pi=. and ——-=—-

The first two of which are known as the
canonical equations of Hamilton

Hamiltonian equal to total energy
If the equations defining the generalized
coordinates are time independent, then
LoGrGm =T
If the forces are derivable from a conservative
potential V, then
Lo=-V

If both these are fulfilled, then H =T +V =E

Difference from Lagrangian formalism
Lagrangian formulation:
A system of n degrees of freedom have n second order
equations of motions expressed by the n degrees of
freedom (generalized coordinates) g;:

d (6,6) oL .
dt\ag;) dq;
These require 2n initial values to be completely solved.

The n-degrees of freedom g; span out a n-dim.
configuration space.

Hamiltonian formulation:
A system of n degrees of freedom have 2n first order
equations of motions expressed in 2n independent
variables:
oH | 0H
" 9q;
The 2n independent variables span out a 2n-dim. phase
space. Coords. in phase space are canonical.

Homogenous function of k-th degree
A function f (x4, ..., x,) is homogeneous of k-th degree if
f(sxq, .., 5x5) = s*f(xy,...,x,),  where k is an integer.

Finding the Hamiltonian as a function of
In many problems, the Lagrangian can be expressed as a sum
of functions homogenous of the generalized velocities of
degree 0,1, and 2. In those cases we can write
H=qp - L
H = qipi — [Lo(qi,t) + L1(q1, )qx + L2(4i, )G Gim]
L, is the part of £ not dependent g;.

L is the coefficient of the part of £ that is homogenous
in g; of first degree.

L, is the coefficient of the part of £ that is homogenous
in g; of second degree.

If t is not explicitly in £, then t is not present in 7, and thus H
is constant in time. If H = E then energy is conserved.




HAMILTONIAN

RELATIVISTIC MECHANICS

CANONICAL TRANSFORMATIONS #1

Time as a canonical coordinate
Time t must be treated as a canonical coordinate
with a conjugate momentum.

The trajectory of a system in phase space can be
marked by some parameter 6 and t.

Al g; cyclic
If all g; are cyclic, then all p; = @; are constant. If
additionally the Hamiltonian is constant in time, then
H = H(a;) and the equations of motions are
0H

qg; = Fr w; = const. = q; = w;t + L;
L

The Lagrangian A in the configuration space is

!
A(g,q' t,t") =t'L <q,q t)

F;
where primed is derivative with respect to 6.

The conjugate momentum of t is

_oa_ ., 0L
Pt = at/ - at/

By utilizing that g = q'/t’ this can be written as
qi, oL . oL

A Sdad gy S e ¥y
T e Mg,

Covariant Lagrangian and Hamiltonian
For a single free particle, we have Lagrangian
AQxcH,uM) = %muuu"
and Hamiltonian is
_ pup*
~ 2m
Where ut is the four-velocity of the particle, p* is
the four-momentum of the particle, and m the
particles mass.

[

The Four Basic Canonical Transformations

oF, dF,
F=F(qQ1t) P =5 Pp=——
qi

If F; = q;Q; then Q; =p; and P, = —q;

oF, oF,

Pi =5 Q=

F =F,(q,P,t) — Q;P; =—
Z(q ) Ql i q; aPi

If F2 = qui then Qi = q; and Pi = Di

Point transformations
Going from one set of generalized coordinates g;
to another.

Point transformation of configuration space:

Qi = Qi(q,t)

Point transformation of phase space:

Qi = Qi(qJ b, t)
P; = Pi(q,p, t)
When dealing with the Lagrangian, the first one is enough. But
when dealing with the Hamiltonian, the generalized momenta
is independent variables which also need to be considered.

Canonical transformation
Transformation from the set of coordinates (g, p)
to the set (Q, P) need to satisfy

dF
pigi —H =FR0: —K+—
Where K is the Hamiltonian in the new set of

oF oF coordinates (sometimes called the Kamiltonian),
F =F;(p,Q,t) + q;p; qi = _6_p3 P; = _6_03 and F is a function of the phase space coordinates.
i i
If F; = p;Q; then Q; = —q; and P; = —p; Example of canonical transformation
Suppose F where given as F = F;(q, Q,t), then
6F4, 6F4, _ dFl
F =Fy(p,P,t) — QiP; %= " Qi=—a—Pi By = I = Al = M=

If F4_ = pipi then Qi = Di and Pi = —q;

Equations of motion
A system of one particle leads us via the
covariant Hamiltonian H, to these eight first-
order equations of motions
dx* 0H.g*¥  dp* 0H.g%
dt ~ apP ' dr oxP
Note that only the spatial equations (indexes 1
through 3) are of interest

Canonical transformation Harmonic Oscillator
Hamiltonian is # = ﬁ (p®>mw?q?). If one transforms

p =f(P)cosQ and g =sinQ f(P)/mw then we get
K = f?(P)/2m which is cyclic for Q.

By using the first basic transform F; = cotQ mwq?/2
we eventually end up with K = wP and we get

Q=ﬁ=w:>Q=a)t+a

_ K+6F1+6F1_+6F1.
- LQl at aqL ql aQL Ql

For both sides to be equal, we need
o0F; 0F; o0F;
= — Pi = — — + —_—
aqi an at

These are the transformation equations

bi

We would first solve all p; which would become a
functions of g;,Q; and t. Which could assumingly
be inverted to become functions of Q;, which
would then be used on the middle equation to
solve for all P;. Finally, the third equation gives us
the Kamiltonian, which we could then express with
Q and P




CANONICAL TRANSFORMATIONS #2

Restricted canonical transformation
Time independent canonical transformation

Qi =Qi(q,p) Pi=Pi(q,p)

Important: The Hamiltonian does not change in such
transformations H = K

Poisson bracket properties
[u,ul =0 [u,v] = —[v,u]

[au + bv,w] = a[u,w] + b[v, W]
[uv, w] = [u, w]v + u[v, w]

[w, [v,w]] + [v, [w,ul] + [w, [w,v]] = 0
The last one beina called Jacabi’s identitv.

Symplectic notation for Restricted Canonical
For restricted canonical transformation, the

equations of motion of the old coordinates is

K
n—lan

Where 1 is a column matrix of the 2n old
coordinates g; and p;, and the J matrix is defined as

70 1
=15 ol
Le., a 2n X 2n matrix composed by four n X n zero 0
and unit 1 matrices.

Poisson bracket formulation

Time derivative of a function u(q,p,t) is

du_[ j{]+au
@ ot

Poisson bracket
Poisson bracket of two functions u and v with

respect to canonical variables (g, p) is
du dv  du dv

wvler = 50 o " mioa;

In matrix form

ko= () 150)

If u is one of the canonical variables g; or p;
qi =g H]  pi = [p, H]
n=[nH]

If u is H itself then
d¥H 9K
dt  at

If u and v are canonical coordinates themselves
95 al,, = 0= [piope],,
957l = O = ~[pnaid],
In matrix form

mnl, =]
where the square matrix Poisson bracket [n,n] has
elements Im equal to [1;, ;]

The restricted canonical transformation can be
written as
{=27m)
where T is a column matrix of the 2n new
coordinates Q; and P;

If u is constant of motion, then

du
[j{'u] = E

Al Poisson brackets are invariant under
canonical transformation

The equations of motion of the new coordinates is

.00,
§ = an,
which in symplectic notation can be written as

A (0K OH
(—MT]—M]H—M]M a_l_]f)_(
where M is the Jacobian matrix of the
transformation with elements
_ 9%
if = an;

Infinitesimal canonical transformation (1.C.T)

Qi=q +6q; P =p;+6p;
In matrix form: { =n + dn

A suitable generation function would be
F, = q;P; + €G(q,P,t)
wherein we can write

G
om = 6]%2 €[n,G]

Invariant phase space volume
After a canonical transform  — T the phase space
volume element is conserved
(dn) = dq; ...dqudp; ...dp,
= (d0) = dQ; ... dQndQ; ..dQy

and the phase space volume is invariant

If G = H, and we let € = dt then
on =dtIn,H] =ndt = dn

ie., the evolution of a system is a continuous application of
I.C.T's with the Hamiltonian as the generator function.

I.C.T rotation and Canonical Angular Momentum
Imagine a I.C.T where we rotate the system by dé
around the z-axis
ox; = —y;do 8y; = x;d6 6z, =0
Opix = —piydd  6pi, = pidd  6pi; =0
This corresponds to G = x;p;, — y;pix and € = db

Symplectic vs Regular
One can use both concepts/notations. They have a
connection, but that is irrelevant. Both are great
tools of looking at canonical transformations.

Let u be a function of the system config. and each

point in phase-space is given by a parameter a:
2
a
u(a) =ugy + alu,Gly + e [[u, G], G]o

+ 4 [, 61.61.6] +--

The generating function G is the z-component of the
total canonical angular momentum
G = Lz = (ri Xpi)z

More generally, given a unit vector n for the axis
rotated about, we have G =L n




CANONICAL TRANSFORMATIONS #3

HAMILTON-JACOBI THEORY

Three-dimension Levi-Civita symbol
-1 if (i,j, k) is (z,y,x), (x,z,v),0r (y,x,2)
gjp =4 0 ifi=jorj=kork=1i
1if(i,j,k)is (x,y,2),(y,zx),0r (z,x,y)

Rotation of system vectors
If F is a vector function of the only the system config.
(q,p) (Le. a system vector), then the change in F by an
I.C.T rotation d@ about an axis defined by unit vector
nis
dF = dO[F,L -n] =nd6 X F
which implies the Poisson bracket identities
[F, L -n]=nxF
[F-GL-n]=0
[L?,L-n] =0
[LLJL]] = EijkLk
[Pi; Lj] = €jkPk
One common example: If F = p and n = k then
[P, XDy — yP:] = —py
[y, XDy — yPx] = Px
[Pz xpy — yp:] = 0

Hamilton-Jacobi equation and method
dF, 0F, ) dF,

}[( s Qus T e ; t)+—=—=0
ql qTL aql aqn at

The generating function
F, =S =5(q1,,qn; Q1,...,0p; t)
which fulfills this equation is called Hamilton's

principal function and assures that the new
coordinates Q, P are constant in time

Hamilton-Jacobi method 2 example
One dimensional harmonic oscillator

1
H = %(p2+m2w2q2) =E w=.k/m

We set p = dS/dq and write 7 as a function of
q and dS/dq and thus have the Hamilton-Jacobt

1 [,85\2 aS
<—) +m2w2q2] +—=0

We end up with the transformation equations

n n aS aS
Pi=a;="const” p;=7- Qi=7-=pF=
"const."
Which can be used to find
qj =qj(a,B,y) and p;=pjap,t)
Which is the Hamiltonian equations of motion
where a and g is found by given some initial value

qo, Do At t =t

2m|\aq at
H not expl. dep. on ¢t, thus S = W(q,a) — at
1 [row\?
— (= 2,22 _ E =
m (6q> +m wq a = a

By immediate integration we obtain
W =af1-mw?q?/(2a) dq
S =V2maf 1 -mw?q?/2a) dq — at

If H not explicitly dependent on time, t, then
S(q,a,t) =W(q,a) —at

Solving mechanical problems with Canonical
transformations | TWO METHODS

1. If H is conserved, then the equations of
emotions are trivial to find if one does a
canonical transformation to new canonical
coordinates that lead to all g; being cyclic

2. Find a canonical transformation from (q,p) at
time t to (qo,py) at time ty. The equations of

transformations
q = q(qo, Po, t)
p = p(qo, Do, t)

will be the equations of motions.

Hamilton-Jacobi method 1
If 7 is conserved, then we have the restricted

Hamilton-Jacobi equation
ow

H (qla_ql) =a;
Since H not expl. dep. on time, we have
H = K = a; thus W generates canonical
transformations where all new coordinates Q; are
cyclic. We thus have P; = a; and
oW ow
Q1=15‘|'ﬁ1=a—a1 Q=p=5 i#1

i

2

2a
We thus have the equations of motions

20
=q4= | sin(wt + B)
aS

= % = \/2ma — m2w?2q? = V2ma cos(wt + B)

A in(@) .
ﬁ—aa—asmq

Two dimensional anisotropic harmonic oscillator

1
H = = (p3+p} + m o+ mAwdy?) = B

Wy =\Jky/m w, = /ky/m

Separation of variables
If S(q,a,t) = S1(q1, @, t) + S'(qix1, @ t) then we can
separate Hamil-Jaco. into one equation for g; and
n — 1 for q;»4. It is completely separable if S = X;s;
wherein we can have n Hamil-Jaco. equations.

Here the coordinates and momenta separate
into two to sets, we can thus write

S(X, va,ay, t) =W,(x,a) + Wy(y, ay) —at

1 [fawy?
ﬁ[(ﬁ) +m2‘“fx2] = ax

1 [ow\*
| (3y) +meev?| =

witha = a, +a, =E




Continuous index
Just as i is used to represent different discrete
indexes of generalized coordinates n;, we use
continuous indexes x, y, z (one for each dimension)
to represent continuous coordinates n(x, y, z, t).

Stress-Energy tensor forms in component notation

T*F = Th% s the contravariant form

Ty = T gaugpy is the covariant form

u
T, =T%g,, is the mixed form

CONTINOUS SYSTEMS

Lagrangian density

For continuous systems, we have
L= [ [Ddxdydz

where D is the Lagrangian density

Stress-Energy Tensor properties
Let u a four-velocity of a observer. Let V be 3D volume.

The stress-energy tensor T has “slots for two vectors”

Elastic rod example
Can be first thought of as a discrete system of mass
points with mass m separated by springs with
stiffness k, where the displacement of each mass
point is n;, where a is the displacement distance
between the points. Using Hooke's law, we get

1 m n; —7; 2
- — T AA L = .
L—Z E a[anl ka( » )] E al;
l l

If u is inserted into one of the vector slots, we get the

output
- o _ dp
T(u, )=T(Cu) =— (den51ty of 4-momentum, W)
In component notation:
dp®
a a a,f — _
T pu” = Tﬁ ur = ( v
Result is the negative of the 4-momentum per unit 3D volume
measured in the observer ref. frame at the event where T is measured.

In a continuous elastic rod, we instead have instead
a continuous field variable/quantity n(x, t)

(m+1-71i) 5 (77("'*“'2_’7(’(‘”) and a - dx,

a

thus % — u is the mass per length, ka - Y is the
Youngs Modulus. The Lagrangian becomes

=4 ap( -]

Let n be an arbitrary four-unit vector, then if inserted in
the other slot:

Tam) = T = — (n- 50)
un) = nu)=—\n-——

dv
In component notation:

dp”)

dv
Result is the negative of the component of the 4-momentum density
along the n direction.

Taﬁu"‘nﬁ = Tﬁauﬁn“ = —nﬂ<

Lagrange-Euler equations (field equations)
d (dD 0D 0
dxB\ongp) 0ng B
where x# = (x°,x1,x2,x3) = (ct, x,y,z) and

_dng o _dn o d’mi
Map = guB’ 1= i’ Mo = ragyh

where Greek letters refer to indices 1 to 3 and
Lating letters refer to indices O to 3.

If both slots are u
T (u,u) = "mass energy per unit volume"
In component notation:
dp*
=u,—

Result is mass energy per unit volume as measured in frame with u.

Taﬁu“uﬁ = Tﬁauﬁu“

The Lagrangian is denoted as £ [ D(dx")

If a frame is picked, and we insert two spacelike basis
vectors e; and e; in that frame, the result is
Ty =Ty = T(eu¢) = T(ej )
= i-componment of force acting from side x/ — § to
side x/ + § across unit surface area perpendicular to e;
= j-componment of force acting from side x! — § to
side x* + & across unit surface area perpendicular to e;

Stress-Energy Tensor
Describes the density and flux of energy and
momentum in spacetime.
T*F gives the flux of the a-th component of the
4-momentum vector across the surface with
constant x# coordinate.

The tensor can be displayed as a 4 X 4 matrix
T00 01 T02 703
T10 T11 T12 T13
TZO T21 TZZ T23
T3O T31 T32 T33

et =

A definition of Stress-Energy Tensor

D d | 9D
Nou — Dopy

oxk  dxv MNp,y
If D not expl. dep. on x* then
d | oD _dany
dxV [anp,v low = D6MV] - = few =0

dxV? u

aD

5 Mpu — Dy

where T,V =
H 6Tlp,v

Stress-Energy Tensor with Perfect Fuid
Perfect fluid moving with four-velocity u in
space-time with mass-density p and isotropic
pressure p in the rest frame of the fluid.

Stress energy tensor is given by
T=(p+pu®u+pyg
in component form
Tap = (p + Pluqlpg + Pgap

Inserting u into one of the “slots” we get
T ub = [(p+ pu®ug +pd%, ]uﬁ = pu®

In the rest frame we get
T° ﬁuﬁ = pc
T, = d_pl = momentum density = 0
™ av
Thus Tik = T(el-,ek) = P5ik




Klein-Gordon (complex scalar field example)
The Lagrangian density will be given by 2 independent
field variables ¢ and ¢*which are 4-scalars and conjug.

Let D = c?¢ 1" — udc?dpdp* where p, const and

d¢ 2 , 99
Patod PTG
Expressed in terms of space and time we have
D = ¢¢* — 2V - Vo' — uic2 g’

This Lagrangian density is Lorentz invariant.

RELATIVISTIC FIELD THEORIES

To obtain the field equations forn, = ¢* we note
oD oD 24 oD 0D 2.2
= — = C ’ e " = — C
My 0P on, o¢7 1

which when put into the Lagrange-Euler equations give
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Which 'Ls the same as
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The equation of such satisfied by both ¢ and ¢* is the
Klein-Gordon equation and is a relativistic analog of
the Schrodinger Equation for a charged zero-spin
particle with rest mass .

sine-Gordon (real scalar field)
From the example to the left, if the scalar field

Electromagnetic four-potential

AH = (%A) where ¢ is electric potential and A is the

magnetic potential. E = —V¢ — ";—‘:

is real (e, ¢ = ¢*), and to only exist in one

spatial dim, then
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Introduction of 1/2 is for convenience and
does not change the equations of motion.

We get the field equation
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which is the one-dimensional Klein-Gordon eq.
We can look at D as a approximation to
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Which has field eq.
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Which is the sine-Gordon equation, also
known as the pendulum equation.

Electromagnetic field
Let the components A* be treated as the field
guantities, then
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where F is the Faraday-tensor
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and j is the current density.
To obtain the Euler-Lagrange equations, we note
D 9D Fy, 8F*°
o ¥ 34,,~ "2 aa,,
Which gives us
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Main conclusion of theorem (simple case)

Noethers theorem considers |.C.Ts on the form
x# o x'* = x# 4 FxH
And the effects of transform, of the field quantities
M) = ') = 1, (x4 + 81, (x)

NOETHERS THEOREM

Three assumed conditions
1. We are in flat space-time

2. Lagrangian density displayes the same
functional form in the old and new quantities:

D' (np ('), 0 (x'B), %) = D(p (x™), 1m0 (x'H), %)

3. Magnitude of the actins S is invariant under

Main conclusion of theorem
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where 6x” = €,X} and 6n, = €,¥,,
with €, being R infinitesimal parameters r = 1,2, ...R
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which is for discrete mechanical systems.

transformation. (Scale invariance)

In words: If the system (or Lagrangian density) has
symmetry properties such that conditions 2 and 3
hold, then there exist r conserved quantities.
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